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Foreword

This is part II of the final technical report for Contract No. N62269-
76-C-0378, which is sponsored by the Naval Air Development Center, Warminster,
Pa. The work was performed during the period of July 1, 1976 through
December 30, 1977. Mr. Lee W. Gause was the contract monitor.

The contracted study is under the title "Certification of Composite
Aircraft Structures under Impact, Fatigue and Environmental Conditions';
parts I and II of the study are under the supervision of Dr. P.C. Chou,
while part III is under Dr. A.S.D. Wang, both of Drexel University.

This report concerns part II of the contract, the scale effect in
fatigue of composite materials. It is a self-contained report including
definitions of all nomenclature used, and its own introduction and conclu-
sions.

The authors would like to thank Dr. Edward J. McQuillen, Dr. James L.
Huang and Mr. Lee W. Gause for the frequent technical discussions. The
authors would also like to thank Mr. James Alper and Mr. Dinh Nguyen who
helped conducting the experiments.
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I. Introduction .

It.is known that the endurance limit (fatigue limit) of a material under
fatigue loading decreases as the size of the specimen increases [1]. A large
amount of test data for metals are available, and many theories have been
offered, but none of the theories are satisfactory. For instance, in [2] it
was found that for an Al-Cu alloy the fatigue 1imituof a large sheet (230 mm
width) is only 50% of that of a small sheet (19 mm width). In contrast, the
fatigue limit for corresponding.ﬁild steel specimens showed that the large
sheet has 857 the fatigue 1imit of the small sheet. Among factors mentioned
that may contribute to the scale effect include maiimum stress gradient, heat-
ing of large specimen, surface stress, etc. No statistical theory was mentioned.

Recently, the detrimentai effect of size in composite material has been
recognized and attempts by the statistical approdch have been proposed. For
instance, in Ref. [3] and [4] the ratio of strength of two specimens was
assumed equal to the ratio of their volumes under stress. This, in essence,
is considering that all defects or micro-flaws are arranged in series, and
the weakest link breaks the chain.

The concept of in-series and in-parallel arrangement in statistical
studies is not new. In classical reliability analysis the series-parallel
arrangements are often used for engineering systems, see for instance Shooman
[5]. These arrangemehts have also been assumed, sometimes implicitly, in
studying the strength of structures and materials, see [6]. It seems that
they have not been used to study the scale effect of fatigue life.

The goal of the present study is to obtain basic understanding of scale
effect in the fatigue life of composite material structures. This basic

understanding may be used to develop scaling laws such that the service life
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of a full size structure may be predicted from tests of small size models
or specimens. -

The full size structure is considered as consisting of n "elements".
These elements may be statistically in-series, or in-parallel, or a combina-
tion of these two. If the whole structure fails when any one of the elements
fails, then these ielements are considered to be in-series. This is also
known as the weakest-link theory. On the other hand, if after one element
fails, the rest of the elements can still carry the total ioad, the elements
are considered in-parallel; this is equivalent to a bundle of loose filaments,
and amenable to the bundle theory analysis.

If the strength, or fatigue life, of the element has a small statistical
scatter, or large Weibull shabe parameter, then the mean strength or life
of the n-element structure is not too much different from that of the element.
This is true for both in-series and in-parallel arrangements. However, if
the scatter is large, which is the case for fatigue life of composites, the
n-element structure has much shorter life than the element.

To substantiate this in-series/in-parallel model in relation to fatigue
of composites, we have selected as the basic element a composite specimen
with a single drilled hole, (Fig. 1). By arranging a number of holes in
different arrays, we may accomplish in-series and infparallél models. The
present paper reports the results of the basic element and the three elements
in-series cases, as shown in Fig. 1. This drilled-hole‘element was selected
because it represents the rivet or bolt holes in actual structures, and it
can be arranged in simple in-series/in-parallel models. Fatigue properties

of riveted and bolted joints in composite panels are reported in [7] and [8].

M e e m . sm. . & . e e x
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The specimens were loaded in static compression and constant amplitude
compression fatigue. The compression loading is used because it is known

that graphite/epoxy composites have a shorter compression fatigue life as

compared to tension fatigue, see Refs. [9] and [10]. The fatigue tests were
at a constant amplitude of O ax = 0, Umin = -2800 1bf (-12.50 kN) (R = -»),
This maximum compression stress is approximately 74% of the mean static strength. J
Relevant properties and dimensions of the specimens are shown in Fig. 1.

. . »
The in-parallel model of scale effect is in the developement stage. J

Pertinent material concerning this model and its verification is contained 4

in Appendix A.
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II. Equations for the In-Series Model

In the traditional weakest link concept in material strength, the basic
"1ink" is a flaw in the material, see for instance Ref. [11]. The present
in-series model is of the same principle as the weakest link, except we use
a structural "element" as a link. This element can be of a size in the same
order of magnitude of the total structure. It is well-known that the weakest
link concept can be described in mathematical statisticé by the extreme value
theory, see for instance, Ref. [12] and [13]. We shall summarize the results
for elements of Weibull distribution. |

Consider a basic element of Weibull distribution, with a density function

a(x—x X=X
£(x) = ————-——exp ( ) @

and a cumulative distribution function (CDF)

Fx(x) = P(X < x) =l-exp-—<B (2)

where x = strength or life, Xg = position parameter, o = shape parameter, and

B = scale parameter. Then the CDF of an n-element in-series specimen can be
shown to be
Fp (0 =P(X <% =1-1[1- P(x < x)]" 3
n
The density function, fn(x), of the n-element specimen is then

- d(x—xo)m“1 x—x >}
f (x) = exp |~ . (4)
2 (gt / 1/

Comparing Eq. (4) with Eq. (1), we conclude that the shape parameter o, and

position parameter Xg» of the n-element in-series model are identical to those

" of the basic element; the scale parameter 8 is reduced from that of the basic

(1/&).

element by a factor n
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The mean strength or life is given by
W= BT (ﬁ{—i)+xo- (5)

If the position parameter is equal to zero then the mean of the n-element
in-series, H is related to the basic element mean, u by

E.E. ._.<l 1/o ©

u n
The decrease of the mean is a function of the shape parameter, as well as
the number of elements, n. For a value of o = 2, the strength or life de-
creases a great deal; for n = 100, the strength of the in-series combination
is only 10% of the basic element. For a large value of &, however, the
decrease in strength is npf‘too much. For instance, for n = 100 and ¢ = 30,
Hy is 86Z of u. Eq. (6) is plotted in Fig. 2.

Since for composite materials the shape parameter for static strength
is between 10 to 30, and for fatigue life it is between 1 to 3, it can be
seen that the size effect is more serious in fatigue life than in static
strength, if the elements are in-series. In other words, a long coupon has
almost the same static strength as a short element, but has only a small

fraction of the fatigue life of the element.
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III. Static and Fatigue Experiments

To vérify the in-series model a number of static and fatigue tests were
performed using both the basic element and the in-series specimen.
A, Specimens All specimens used for this study were cut from a Hercules
AS/3501-6 graphite /epoxy composite plate prepared at the Naval Air Development
Center, Warminster, Pa. The platé‘consisted of 12 layers following a layup
of [+ 45/02/; 45]8. The overall measurements of the plate were 24 by 34
inches (610 by 860 mm) with an average thickness of 0.072 inch (1.83 mm).
End tabs were cut from plates prepared of 3M Scotchply 1003 fiberglass/epoxy
with a layup of [02/90/02/90/02/90/02]. The thickness of the plates were
0.080 inch (2.03 mm).

The basic element was a 1 x 6 inch (25.4x152.4 mm) strip with a central
1/4 inch (6.4 mm) hole. The in-series specimen had the same overall dimensions,
but with three 1/4 inch (6.4 mm) holes. End tabs of length 1 1/2 inch -
(38.1 mm) were applied to fhe ends of goth sides of eacﬁ specimen, (See
cutting procedure for method of application). The dimensions for the’basic
eiement and the in-series specimen are given in Fig. 1. The portion between
the end tabs was considered as the ‘test section.

The plate was cut into test specimens by means of a 5 13/16 inch

(147.6 mm) diémeter diamond saw blade mounted on a Sundstrand Rigidmil.

The blade was run at 715 rpm with a table feed rate of 1 inch (25.4 mm) per .

minute. The first step in the cutting procedure consisted of cutting the
plate into 6 1/2 x 10 inch (165.1x254.0 mm) sections such that the 0°

fibers were parallel to the shorter edge. Next 1 1/2 x 10 inch (38.1x254.0 mm)
end tab strips of 0.080 inch (2.03 mm) thickness were bonded to both sides

of the sections, 1/4 inch (6.4 mm) from each of the 10 inch (254.0 mm) edges.
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The bonding agent used was Ecobond 51 combined with Catalyst #9, both
manufactured by Emerson and Cuming Inc. These sectlons were then squared
off and cut down to 6 x 10 inch (152.4x254.0 mm) by taking off 1/4 inch
(6.4 mm) along each of the 10 inch (254.0 mm) edges. Next the sections
were cut into 6 x 1 inch (152.4x25.4 mm) strips. Each section yielded 9
of these strips.

Specimen hbles were drilled with straight fluted solid carbide drill
bits manufactured by Cleveland Twist Drill Co. First a pilot hole was
made in the specimen with a 1/8 inch (3.2 mm) bit. This was enlarged with a
1/4 inch (6.4 mm) bit. The bits show no noticeable wear after drilling
in e#cess'of 200 holes. |

After cutting and drilling the completed specimens were stored at

room temperature and humidity until testing.

B. Testing Apparatus All testing was performed on an Instron Model 1230

Dynamic Test Machine equipped with a Model 836 remote control panel, a Model
602 load and stroke controller panel, and a Model 860A function generator.
This testing machine has the capacity of + 10,000 1bf (+ 40 kN) load which
can be applied in the form of a sine input, triangular input, square input,
or ramp input. The ﬁaximum reliable frequency for operating this machine

1s 30 Hz. The Instron Wedge Action Gripping Jaws were used in conjunction
with our own gripping and anti-buckling guide system (to be described later).
For static tests a.Hewlett Packard Model 7045A X-Y Recorder was used.
Additional equipment included a Tektronix 7623A Storage Oscilloscope and a

Keithley Instruments 160 Digital Multimeter.
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A method for griéping the specimen and for preventing buckling during
loading was designed, and a sectioned assembly of this apparatus is shown in
Fig. 3. As can be seeﬁ the bottom and top grips are held in place by the‘
Instron Jaws. The gaps between the jaws and the grips are filled with shim
stock. The top grip is stationary and the two vertical runners are bolted
to it. The bottom grip is free to ride up and down in these runners. The R
applied loéd is transmitted by the actuator arm of the_Instron'through the
bottom Instron Jaw to the‘bottom grip. The frictional force between the Y
bottom grip and the verticai runners was found to be negligible (less than
10 1bf or 44 N). The aﬁti—buckling guide also fits in the runners and is free
to move up and down. The runners insure correct alignment of the top and ' \
bottom grips and the anti-buckling guide. Hence the test specimen will have . 2
no initial crookedness. The clearance between the anti-buckling guide faces
and the specimen surfaces of course varies from specimen to specimen but

on the average is 0.003 inch, (0.08 mm). The section view shows that the

specimen's ends are in contact with the grip floors; This insures that the

load is applied on the ends of and'along the axis of the test specimen.

The figure also indicates that the rear gripping plates are held in place

by 1/4 20 Allen screws inserted through the front grips. The rear anti-

buckling guide plate is held to the front anti-buckling guide by four screws.
Detail drawings of the grips and anti-buckling guide are presented in

Appendix B.

C. Testing Procedures All tests were run at room temperature with ambient

humidity. In order to reduce friction between the specimen and the anti-
~ buckling guide, a thin coating of Molykote 44 grease, a heat stable silicone
lubricant, was applied to the contact surfaces of the guides.

10




NANC.78259 .60

901A9q SupTiong-Fiuy Supddyan uswmpoadg ‘ATquessy pPIauorlIoag

wnupunyy PSS
" s

. 9p Ny
Suryong-FIuy
Ieay

199135 § .

V-V UOT399§

/'.
s

- G
Y R
| B KA

S
N

7/

AN
f

};
P |

apTnY
Surpiong-1Iuy
Juoxy

i J9UUNY iy

sdf1s5 uoF3loy °3poM

MB[ UOXJBUY

€ 2an3fg

7R

11




- NADC-78259.60

For static tests the specimen was secured in the grips and the back
of the anti-buckling guide was screwed in position. A compressive load
of 10 1bf (40 N) was appliéd to the specimen and then the screws holding the
backs of the grips and anti-buckling guide were torqued tight. The load
was then released. Next, operating in the stroke mode and using the ramp -
. input a compressive load Qas applied to failure. The failure load was re-
corded on the X-Y plotter. |

For fatigue tests, the specimen was secured in ﬁhe grips and the back
of the anti-buckling guide was screwed in place (hand tight). Small
pieces of styrofoam were placed between the guide and phe grips in order to
damp out any vibratioﬁ. Operating in the load mode a coﬁpressive load was
gradually applied up to 100 1bf (440 N). Then the screws'holding the grips
and guide in place were torqued tight. The load was then increased slowly
until the desired mean load was obtained. In the present test, the mean load
1s-1400 1bf (-6.23 kN). A sine wave cycling of the applied load with an
amplitude of 1400 1bf (6.23 kN) was then started. For the first 10 cycles a
frequency of 0.01 Hz was used. During this time the’loading was rechecked
‘with the use of the digital multimeter and oscilloscope to make sure that
the specimen did not go into tension and the load was cycling between 0 and
-2800 1bf (-12.50 kN). The frequency was then gradually and slowly increased
to 5 Hz. Periodically the loading was checked with the oscilloscope and
screws retorqued as necessary. The specimen was run to failure and fatigue

life was recorded in cycles by the control panel counter.

12
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IV. Experimental Results

This éection presents the static and fatigue test results for the
basic element, the three-in-series specimen, and several other arrangements.
All specimens failed through a drilled hole. For each test, the ultimate
load, - or the fatigue 1ife of each specimen is given in tabular form. "The
sample means and sample standard deviations are aiso calculated from the

following formulas

n
. Sample mean = X = L ) x )
n i
i=1
a Y
1 -2
Sample standard deviation = s = |—— 1 (x,-x) (8)
n-1 i=1 i

where n is the total number of specimens tested in each case.

Table I
Static Strength and Fatigue Life of the Basic Element,
Graphite/Epoxy [+ 45/02/1 45),
a. Ultimate Static Compression Load, 1bf  (kN), (12 specimens)
2950 (13.12) 3600 (16.01) 3900 (17.35) 4350 (19.35)

3100 (13.79) 3630 (16.15) 3900 (17.35) 4600 (20.46)
3250 (14.46) 3770 (16.77) 3940 (17.55) 4650 (20.68)

3800 (16.90)
550 ( 2.45)

X

b. Compression Fatigue Life, Cycles, Max. Compression Load = 74% Basic
Element Mean Static Strength, R = -, Frequency = 5 Hz (10 specimens)

17230 26230 78750 107880 127540
20010 49460 83300 112120 128780
x = 75130
s = 44200
13
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Table Ia presents the static strength measured in 1bf (kN) for the basic

elements. The sample mean and sample standard deviation are 3800 and 550 1bf
(16.90 and 2.45 kN) respectively. Table Ib gives the fatigue life measured
Ain cycles for the basic elements. The maximum compressive load to which each
element was subjectedkwas 2800 1bf (74% of mean static) while the minimum.
load was 0. The mean and standard deviation of the basic element.fatigue life

~were 75,130 and 44,200 cycles respectively.

Table II F)

Static Strength and Fatigue Life of the Three-In-Series
Specimen, Graphite/Epoxy [1,45/02/; 451

a. Ultimate Static Compression Load, 1bf (kN), (10 specimens)

3000 (13.34)T* 3260 (14.50)T 3450 (15.35)B 3660 (16.28)B
3150 (14.01)B 3400 (15.12)B 3600 (16.01)B A
3150 (14.01)T 3400 (15.12)M 3600 (16.01)T \

X = 3370 (14.99)
s = 220 ( 1.00)

b. Compression Fatigue Life, Cycles, Max. Compression Load = 74% Basic
Element Mean Static Strength, R = -, Frequency = 5 Hz (9 specimens)

2090 M 15270 B 19990 M - 29950 M 47690 B
5040 T 16090 B 24700 B 32740 B
\ : . x = 21510
s = 14200

* Failed hole location, T = top, M = middle, B = bottom.

Table IIa shows the static strength measured in 1bf (kN) for the three-in- -
series specimens. vAlso the position of the failure is given. The sample
mean is 3370 Ibf (14.99 kN) and the standard deviation is 220 1bf (1.00 kN).
Table IIb presents the fatigue life in cyclés and the position of the failed
hole for each of the three—in—series specimens subjected to the same loading
conditions as the basic element fatigue specimens. Here, X = 21,510 cycles,

and 8 = 14,200 cycles.
' 14
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We see that in the static case thé mean strength 6f three-in-series
specimen is 89% of the basic element mean strength. However, the mean life
of the three-in-series specimen is 297 of the basic eiement mean life. It
is evident that the In-series configuration gregtly reduces the fatigue life,
but has a much less effect on the static strength.

Some additional tests were performed on specimens with different

geometries than described above. This data is compiled in Appendix C.

15
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V. Parameter Estimations

A. Interval Estimation for the Mean

According to the in-series model, the life and strength of the three-
in-series specimen should be lower than those of the basic element. From
the data in the previous section, it can be seen that indeed the sample

mean life and mean strength for the three-in-series are both lower than the

1 3

corresponding basic element values. The sample mean values, however, are
random variables, dependent on the sample size, and by themselves have less
statistical significance. 1In order to establish a confidence level on the
hypothesis that the three-in-series and basic element specimens were from
two different populations and that the three-in-series case has a lower mean
value, we shall make interval estimations for the means.

We shall assume that the random variable

n-1" (X‘;l) = & >

t
has the Student-t distribution with n-1 degree of freedom. Strictly speak-
ing, this is true only when the population is normal. For practical pur-
poses, it is a good enough approximation for non-normal distributions, [14].

Based on this assumption, we have estimated the confidence intervals for all

four cases, and iisted the results in Table III.

16.
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Table IIT

Confidence Intervals for Basic and Three-In-Series Specimens

.. Fatigue Life

Specimen : Confidence Interval ' % Confidence
for Mean Life, Cycles
Basic [43510, 106750] 95%
3-in-series [10600, 32420] : 95%

»

b. Static Strength

* Specimen . . .Confidence Intervals % Confidence
for Mean Strength -
1bf kN
‘Basic [3520, 4090]  [15.7, 18.2] 90%
[3460, 4150] [15.4, 18.5] ' , 95%»
Three-in~-series [3240, 3500] [14.4, 15.6] 90%
b & : {3200, 3530] [14.3, 15.7] 95%

As can be seen fhe 957 confidence intervals of the population mean lives of
the basic element and three~in-series specimen are disjoint, and. the former
1argér than the latter. This implies that these sample means come from
separate populations and the basic elemeﬁt has.longer life. Table III also
lists the 90% and 95%vconfidence intervals for the basic and‘tﬁree-in-
series mean strengths. Here it is seen that the 957 confidence intervalé
» overlap whereas the 90%Z intervals do not. It can be argued, although not
as strongly as in the fatigue case, that the strength results of the basic
and three~in-series elements do indeed come from different pdpulations.
B. | Point Estimation, Weibull Distribution
It is well-known that the'étrength and fatigue life of materials can
be best characterized by the log-normal or the Weibull distributions. In
this study, the two parametef Weibull distribution is used to represent

our results. The cumulative distribution function (CDF) has the form,

17
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P = P <0 = 1 - eml- (2] 10y

Having collected sample points x, the parameters can be estimated
in many ways, for instance, method of moments, maximum likelihood, and
regression. 1In this study the method of linear regression was used to esti~-
mate o and B. Thié technique requires an assignment of nﬁmerical values
of Pi (called the rank) for each X, . There are many ways of making this
assignment but in this study the median rank method was used. Here the

sample points are ordered from lowest to highest and then P, is assigned by

i

the approximate median rank formula
P, === 4 =1,...,n (11)

where n is the total number of data points comprising the sample.

In using linear regression, let us transform Eq. (10), by taking the

logarithm twice, into the form

y'=o0x" - a 4n B (12)
where
\ x' = ¢n x (13)
r o R S
y 2n &n [ PR < x):l . (14)

1
Eqs. (13) and (14). The quantity y! is associated with the theoretical dis-
i

At x = X s the corresponding values of x! and yi can be evaluated from

tribution (10), evaluated at x The corresponding value from the approximate

i.
rank is given by

vy = ¢n zn[—%lzi] | (15)

18
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The difference vy - yi, which represents the error, is squared, and

summed over i or,

n
2=} G- yi)2
=1
_ | (16)
t: 2
= ) vy -'axi - a fn B)
i=1 ' ’
n This sum of the square of errors is then minimized, by forming the two

equations 3 A2/3a = 0 and BAZ/BB = 0. Solving these two equations yields

the two unknown parameters as

n 1 n n
zxiyi-;fzxizyi
y - =l =1 4= an
‘z‘ 2 1 ‘Z‘ 2
X, — = X
> o i om (1=1 i)
n n —
[0 ] z xi - z yi . \
B = exp| =t 171 (18)

Table IV gives the values of a and B for the four cases. Values of
the mean p and coefficient of variation are also listed and were obtained

from the formulas

o+l
p = Bl (Tiff. | (19)

. (222) - o2 ()
o o

C.0o.v. =
" ) (a—;l) j

1/2

(20)
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Table IV

Estimated Weibull Parameters for

Basic Element and Three-In-Series Specimens

a. Fatigue-Life, cyclgs

Specimen a 8 ]
- cycles cycles c.o.v.
Basic - 1.36 87840 80400 74
Element ] . *
'y
Three-in-series 1.09 25390 24700 93
~
b. Static Strength, 1bf (kN)
o 8 u '
Specimen 1bf (KN) 1bf (kN) C.0.V,
Basic 7.6 4040 3800 . 15
Element (17.97) (16.90) ’
Three-in-~series = 16.2 3470 3360 06
(15.44) ~ (14.95) . >
The Kolmogorov-Smirnov goodness of fit test was used to see how well
the Weibull distributions described the data. 1In all cases the fitted
distributions were acceptable at a significance level of 5%.
Fig. 4 presents the Weibull CDF for the fatigue life. The solid
curve represents the CDF for the basic element and the dashed curve the three-
in-series. The ten data points for the basic element are plotted as x's 4
and the nine data points for the three-in-series are given as open circles.

It can be seen that the scatter for both the basic element and three-in- -
series specimen is large. The Weibull distributions fit the data points
fairly well.
Fig. 5 shows the CDFs and data points for the static strength. Once
again the solid curve and x's are for the basic element;_fhe dashed curve
and open circles give the three-in-series information. Thé static strength

is seen to have much less scatter than the fatigue life.
20
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Figure 4 Distribution Curves for Compression Fatigue
2 Data of Graphite/Epoxy Max. Compressive Load
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Figure 5 Distribution Curves for Static Compression Strength
. Data of Graphite/Epoxy.
B, Basic Element Scale Parameter = 4040 1bf (17.97 kN)
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Looking at the estimated population means we find that the static
strength of the three—in-series specimen is 89% of that of the basic ele~
ment. However, the fatigue life of the three-in-series is only 31% of
the basic element. These percentages are seen to be in general agreement
with those discussed in the previous section that were calculated from

the sample means.

22
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VI. Analysis and Conclusions

From the theoretical analysis, it can be seen that once the distribu-

tion of the basic element, Eq. (2) is known, the distribution of the in-
series specimen can be calculated from Eq. (3). This is donme for bbth the
static strength and the fatigue cases, and the results are presented in
Table V.. They are also shown in graphical form in Figs. 6 and 7. The
calculated ones are labeled "predicted", while the fitted experimental ones

are labeled "experimental”.

Table V

Comparison of Measured and Predicted Properties

of Three In-Series Model

a. Fatigue Case (Large scatter, small shape parameter).

Three in series

Basic Element

Predicted Measured
Shape Parameter 1.36 - 1.36 1.09
Mean Life 80400 35900 24700
cycles h

b. Static Case (Small scatter, large shape parameter)

Three in series

Basic Element

Predicted Measured
Shape Parameter 7.6 7.6 16.2
3800 3290 © 3360
Mear SUESHE™ (16.90) - (14.63) (14.95)
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Figure 6 Predicted and Measured Distribution Curves
for Compression Fatigue of Graphite/Epoxy.
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Figure 7 Predicted and Measured Distribution Curves for

Static Compression Strength of Graphite/Epoxy
B, Basic Element Scale Parameter = 4040 1bf (17.97 kN)
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for the 1life of the three-in-series specimen we see from Fig. 6 that the
shapes of the experimental curve and predicted one are close; however the
predicted mean life ié 457 higher than the experimental. V‘One possible
explanation for this is that the stress distribution is non-uniform along
the length of the specimen and the bottom hole is subjected to higher load,
and therefore has éhorter life than the’other two. Tﬁis is born out by the
fact that in the three-in-series fatigue case over 50% of the specimens. failed
at the bottom hole.

In ﬁhe case of the static strength the shapes of the experimental and
predicted are different;'but the mean strengths agree to within 3%.

Based on the results and analysis presented in this report the follow-

ing conclusions can be drawn,

A, The statistical scatter of strength and life of a basic element is
one of the main reasons for the decrease in strength and life for larger

structures. In other words, the scale effect in fatigue can be explained by

‘statistical considerationms.

B. In general, a lafge structure contains many small elements which are
stafistically arranged in a combination of in-series and in—parallél modes.
For certain special structures, a simple in-series arrangement can be assumed.
In the present case, the three-holed specimen is truly an in-series model,
and its life and strength calculated from theory are in good agreeﬁent with

measured data.

C. The larger the scatter of the strength or life among specimens, or the
smaller the Weibull shape parameter,.the larger their decrease for large

structures due to the scale effect. Since in general there is more scatter
in fatigue life than in static strength, the scale effect is more pronounccd

in fatigue. It is also observed that there is more scatter in fatigue life
25
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for graphite composite materials than for metals. Consequently, fatigue
data obtained from small composite coupons must bé used with caution

when applied to larger structures.

26
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Nomenclature

CDF Abbreviation standing for cumulative distribution function

C.0.V. . Coefficient of Variation |

f(x) Probability density function

F Force applied to a bundle of fibers

F_r Breaking force of a bundle of fibers

F(x) Cumulative distribution function

n Number of fibers or elements (as a subscript - the number of
elements in series; as a super script in parenthesis - the
number of elements or fibers in parallel).
Also total number of data points in a sample.

n' Number of surviving fibers or elements

P (X<x) Cumulative distribution function

Pi Median rank

s Sample standard deviation

X Value of strength or life

XQ Position parameter

X Sample mean

X Value of breaking force of a fiber

X Strength or life of a basic element

Xn Strength or life of an n in-series element

x® The failure load of the bundle/n.

o Weibull shape parameter

B Weibull scale parameter

o] Population standard deviation

u Population mean

27




NADC-78259 .60

References

10.

11.
12.

130

14.

15.

Heywood, R.B., Designing Against Fatigue of Metals, Chapman &
Hall, Ltd., London, 1962.

Phillips, C.E., and Fenner, A.J., "Some Fatigue Tésts on Aluminum
Alloy and Mild Steel Sheet, with and without Drilled Holes," Proc.
IME, 165, WEP 65 1951, 125-40,

Halpin, F.C., Gerina, K.L., and Johnson, T.A., "Characterization of
Composites for the Purpose of Reliability Evaluation," AFML-TR-
72-289, Air Force Material Lab., Dec. 1972.

Bullock, R.E., "Strength Ratios of Composite Materials in Flexure
and in Tension," J. Comp. Materials, Vol. 8, p. 200, April 1974.

'Shooman, M.L., Probabilistic Reliability - An Engineering Approach,
McGraw-Hill, New York, 1968.

McCarthy, J.F., and Orringer, 0., "Some Approaches to Assessing
Failure Probabilities of Redundant Structures," in Composite Reliability,
ASTM Special TP 580, Phila., 1975, pp. 5-31.

Wolff, R.V., and Lemon, G.H., "Reliability Prediction for Composite
Joints - Bonded and Bolted," Technical Report AFML-TR-74-197, by
General Dynamics, Fort Worth, for AFML Wright-Patterson AFB, Ohio,
March, 1976.

Eggwertz, Sigge, "Investigation of Fatigue Life and Residual Strength
of Wing Panel for Reliability Purposes,' in Probabilistic Aspects of
Fatigue, edited by R.A. Heller, ASTM STP 511, Phila., Pa. 1972,

pp. 75-105.

Rosenfeld, M.S., and Huang, S.L., "Fatigue Characteristics of
Graphite/Epoxy Laminates under Compression Loading," Proceedings of
ATAA/ASME 18th Structures, Structural Dynamics and Materials Conf.,
March, 1977, San Diego, Vol. A., pp. 423-427.

Haskins, J.F., Kerr, J.R., and Stein, B.A., "Flight Simulation Testing
of Advanced Composites for Supersonic Cruise Aircraft Applications,"
Proceedings of AIAA/ASME 18th SDM Meeting, Vol. A., March 1977,

PP. 236-245.

Giicer, D.E. and Gurland, J., "Comparisoﬁ of the Statistics of Two
Fracture Modes," J. Mech. Phys. Solids, Vol. 10, 1962, pp. 365-373.

Epstein, B., "Statistical Aspects of Fracture Problems," Jour. Applied
Physics, Vol. 19, Feb. 1948, pp. 140-147.

Mann, N.R., Schafer, R.E., and Singpurwalla, N.D., Methods for
Statistical Analysis of Reliability and Life Data, John Wiley and Sons,
New York, 1974.

Guttman, I., Wilks, S.S., and Hunter, J.S., Introductory Engineering
Statistics, John Wiley and Sons, New York, 1971,

Daniels, H.E., "The Statistical Theory of the Strength of Bundles of
Threads. I," Proceedings of the Royal Society of London, Ser. A,
Vol. 183, June, 1945.

28




s

NADC-78259 60

Appendix A The In-Parallel Model - Bundle Theory

The in-parallel model of scale efféct considers a number of basic ele-
ments (fibers) arranged in parallel so that if one or more break, the sur-
vivors will carry a redistributed load. The theory for this model is based
on the bundle theory of Daniels [15]. The model is applicable to both the.
static and fatigue modes of loading. However the existing_set of equations
of the bundle theory can be applied only to the static case and is reported
in this appendix. In order to apply the bundle theory to the fatigue case,

‘ additional development is needed.
|
|

The Exact Formula The cumulative distribution function.(CDF) of the fiber

b o under a static load is
Fx(x) = P(X < x) _ (A-1)

where X is the breaking load of the fiber. Grouping n fibers together in
parallel will form a bundle. If this bundle is subjected to a static loading
and if after any fiber failure the survivors share the load evenly then the

distribution of the bundle is

o~ 8

r
Fam® = ra®™ <) - ) (—1)“'mn!E’(x S ] 1

~ X m=1l r 1
~ ax V2 n
PR imindR ese . 1 fove ! -
|:P(X R egyrves )_! [P(X < x):| rolr,! r ! (A-2)
- 172
where X(n) = the failure load of the bundle/n. The ri's are integers

greater than or equal to one such that
) r,=n - (A-3)

where 0 < m < n. The inner sum in Eq. (A-2) indicates the sum over all
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combinations of r, subject to the condition given in Eq. (A-3).

i

For two fibers arranged in parallel Eq. (A-1l) reduces to

px(® <x) = 2P(X < 2x)P(X < x) - [P(X < x) 1% (A=4)

As the number of elements or fibers increases Daniels' exact formula quickly
becomés unmanageable. We have expanded Eq. (A-2) for ¥alues of n up to

n=7. For the case of n=7 the expression contains 64 terms. The expanded
formulas and the associated computer program listing are given at the end

of thié appendix. However, as the number of elements becomes large,

P(X(n) < x) approaches a normal distribution and its mean can be expressed
in a simple fqrmula. “This will be derived below.

The Large Bundle Theory The large bundle theory, which was presented by

Daniels, can be derived by simple considerations. The result is limited, ;L
however, to the mean strength of the bundle. The standard deviation of the
normally distributed strength was given by Daniels after a lengthy statistical
derivation. In the following, we shall derive the mean strength expression
and present Daniels' standard deviation formula without derivation.

Consider a bundle of fibers subjected to a force F. Each fiber will

experience a force x where

F
X = (A-5)

and n' is the total number of surviving fibers currently in the bundle.
Let the probability that a single fiber breaks under the force x be
P(X < x),
x .
P(X <x) = f £()de (A-6)
0

where f(z) is the probability density function.
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The reliability is given by

R(x) =1-PX<x)= rf(;)d; a-7)
. x )
The total number of fibers surviving will be n',
n' = n REx) =nfl - PX i_x)] (A-8)

where n is the total number of fibers originally in the bundle.
The relationship between the force applied to the bundle, the force
experienced by each surviving fiber, and the number of original fibers is

obtained by substituting Eq. (A-8) into Eq. (A-5) and rearranging, or,
F=nx[1l-PX<x)] (A-9)

The breaking load FT can be obtained by maximizing the force F in

Eq. (A-9); this yields -

or

é% {nx[1 -PE <x)]}=0 | | (A-10)

Performing the differentiatiqn yieldsvthe equation

[1-P(X<x)] =x £(x) ' (A-11)
The value of x that solves Eq.‘(A—ll) will be designated as X The
-corresponding value of the breaking load is obtained by substituting X,
into Eq. (A-9). Thus

FT =n xT[l - P(X < xT)] . (A-12)

Daniels shows that large bundles have failure strength that are of

~(n)

a normal (or standard) distribution. The mean strength u is then given

by FT/n, and the standard deviation is
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- PE <)L -PE <x)T
o(n) =x_r‘/? — z (A-13)

n
When a Weibull distribution is assumed for the single f‘iber, the value
of x, can readily be obtained from Eq. (A-11). The Weibull density and

distribution functions are

a(x—xo)a_l [ x-xo';ﬁo‘- F
f(x) = ———— exp -< z ) (A-14)
a
B ) L e
- x_xo o] -
and P(X<x) =1- exp —( g > (A-15)
- -
We will further assume xo = 0.

Substituting the Weibull distribution into Eq. (A-11) and solving

gives x A
T
x = '—'%7;— (A-16)
(o)
The breaking force from Eq. (A-12) will therefore be 1
8 1
F =n———— expG —) (A-17)
T (a)lla o
Then for large bundles, the mean and standard deviation will be
(n) B - l) >
u = exp i~ — (A-18)
(a)1/ * \ * _ J
T i -
' [1 -~ exp(- 2] exp(- =)
and o o B o & (A-19) J
v 1/a n
a
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The coefficient of variation, C.0.V., is just the ratio of o to u. Therefore

for a large bundle.
) (n) [l - eXP(" ?1-7)]—\1/2 )
C.0.V. = : (A-20)

" n exp(- ;.1;)

As can be seen the mean strength is independent of the number of fibers

(or elements) arranged in parallel whereas o(n) and C.O.V.(n) are inversely

proportional to the square root of n.

Figures A-1-3 show the CDF of the bundle where the basic elements are
Weibull with indicated shape parameter. The distributions for n = 2,3,4,
5,6,7,50,100, and 1000 elements in parallel plus the basic element are
shown. Values of shape parameter of the basic element used are 2,14, and
24, The plots have been nondimensionalized by the scale parameter of ;he
basic element. Also ta£u1ated on these figures are the values of u/B,-c/B,

and C.0.V. for each arrangement.

Interpolation for n=7 to 50 For small values of n, up to n=7, we have

expanded and calculated the exact bundle formula. For large values of n,

the large bundle equations are applicable. There is a need to have formulas
for the intermediéte range of n, say, between n=7 and 50. We shall attempt
to do this by interpolation. Figure A-4 is a plot of the mean strength for

both large bundles and small bundles. The values for n=7 to 50 can be

interpolated as shown. Similarly, Fig. A-5 shows the corresponding plots

for the coefficient of variation;

Planned Experimental Work In our experimental program, we intend to test

Daniels' formula for three elements in parallel subjected to a static load.
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Tﬁe in-parallel model subjected to a fatigue loading is considerably
more involved than the static case. This is primarily due to the fact
that after some fiber failures, the loading in the remaining fibers in-
creases, and the corresponding 1ife distribution also changes. Further
analytical work must be done before an expression to predict fatigue life
can be presented. The experimental portion of this phase presents some
special problems. One problem is the transient loading following a fiber
failure may cause additional failures. Another problem is that the load
in the surviving fibers, for n=3 or &4, may exceed the static strength. One
testing procedure which may prove successful is to operate in the constant
stroke mode. The minimum applied load will be 10% of the maximum. The three
elements will be placed side by side in the gripping anti—Buckling apparatus.
When one specimen.fails the‘test will be stopped and the remaining spesimens
rearranged so as to insure uniform loading. The test will then be restarted
and run until the next specimen fails. After positioning the last element
the test will proceed to total failure. Thé total life of the three-in-parallel
arrangement will be recorded.

Expanded Formulas for Small Values of n

Eq. (A-2) has been expanded for values of n up to 7. On the following

pages these expansions are given. Following these is the computer program

(n) (n) (n)

listing used to evaluate P(X"~ < x), U and " 7.
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E X Pcons;ion 0§ E% (H"2>

for nNn=3

P(X‘33 > = A 4 CCPD PP — 3PP Y — 3CRN Y PD
P)=P(X £x) =) — ex/OL 07/»’)]
P2= p(X<E)=/ - /0["(3 >J ‘

P2= PCX,é 3x) = / “*‘3"/‘[‘(3"/ﬁ’>“7 , -
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EX#anstn O‘F E% (:4"2)

for n= M

PCXG'?é. x) = —PD? + 4(#{4}(::»)3 + 4(Pz§3(p,)

+ L(PDUPNE—I12 CRANPHLPIE — /z(ba)&a)‘(p))
o - ) 2(PDYPZX PN + 24 (PLCPIPD(PT)
Pl PXREXD=/ - q/[—cv,e)“:)
Pz = P(Xﬁ% d= ) - 670[“(‘%,@ ]
e T AL g>;°[~<‘f%f ]

P4 = PCREAX) =) — & [~C 45 ]
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ExPa)nsu‘on og E?. (A'Z)

for  n=G

PUX®2 XY= P = 8lPEYCP N ~ 5¢p) RN — I0CPEer B
= 1o(P* PN’ + 20CrPEXPANCPYE+ 2o <P53<PZ)§< D)
+ 20 P PPN » éo P CPEFCPI) + 30PN CPIYPIY
* B30 CRSICPE(PNZ =GO LRE PRI (PI?
— GO LPEXPY) P2 (P)) —G 0 LPEDCPDE (P2YCA N
TGO (PDECPIYCPYLPI) + 120 (REDEPUICPIXP 2 (P 1)
PI=PCX £ xY =1 = el —¢XBY )
PZ=PCRE ) = | = enp [ ~(Ciz)" ]
Pa=UX£%Z) =) —ap/ —f"%,e)":]
P4=P(XE ) =) - eay‘a[f”{,e)«]

P&E=PRXEERY =) — o0/ ~C2) ]
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E x pans ion ‘ap Ez (A-2)

for ne= b6

| PXP2x) = "fP’b‘-f- CLRSSCPD + G CP ;>Fcp,> + 16¢ PN’
+ lgcps)"(pb* + 209> C 1;/)3
— B> (PO PEYPNYY — 3o¢ PaY P2Y'CPI — 30LPR PP
7 — GOPEUPN(PN —6oPSPH N = 6alrsT(PESCP
— 6o (POPIH N ‘é‘oCP#f(P?)(PI)Zl — CoCPITCPET P
+ 12eX( PMP@CMYP i3 +1200PEXPEXPIEP + /zoCPe)[Pé'fCPZZP')

~ +rz°am>3073ypz)a>b +/9¢(PQZ(M)CP3){PI)2+ 180 BEYY PPLFCA

Ll

.- +/go¢pg>‘<p3)za=z)cpb + lsocpsxpa-)(PS)z( P

. +180LPEYPHCPES P + /aocpc)cpzach#s)cm)z
~ 260 PO PPAPINPN — BCOLPEXPEI Py NPL o
—BEO(PEPEPEFPIP) =360 PO (PNEPLPZICPD

—BGOLCRPR)PHPINCP LR

* 720 (POYCPEIPHYCPIDLPDECPH

— 90lPES CPRCPAN |
e
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Pl =pPX 25Xz ) — e [E2Y]

Pz = X2 %Y= —eso (5 )

PasPCX e 4> 2 - ap [T

' ' é“ | " G
PysACX L 95D =) — e[ (%] s
Ps=peR ¢ ¥ )=/ - ap I -5 i
PG PXEGx) =/ - exp L ~Ci>7)
a2
1

4h
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Expansiion o Ecé (A “23\ |

o nN=T7

) PEXPL XS = (PN = 7RI =1 PSP ~ z)cpessz
— 2P PN ——35&590/3" ._-‘35@454@,33
+42CPP) PSS H 42 (pad PP + 42 P POLRD
FIOSLRES PEIPN + 105 CPIX PEYRIN 7 108 CRESC PR
165 CPNPNICPNE + /og(@)"’@ 2)?(/% +/05(p4$9(/>3>(p,3
+ 20 0 PES PICFY + ao(peﬂésﬂp& + Zla(P£>3(P3)zéP/)2
F VAOLREY PP + )40&5)3(94301)3 + 1o PRI (P D>
~216 PCPENPEI PN — 200 (PTCPG) P2 (P
216 AP — 210 CALPEY PR Co
— 4 26 (PNCPC)CPDELPNE — 420 PP P%)s PN

—ly2.0 (PDCPEY PPN =420 CPEYE (PRGN,

2o PSR (PNPD Py —HTol P (PN (PD(PI)

—zzo (P CPEY (P’ (PN — 420 (PER PRSPPI
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~220(PEYE P CPAXCPI) —24 200 PPN
—420¢ PEYCPG) (PR (PN — 420 (PORED LPDRCPD
—630 (PIPEYL PR PN ——ééo LPCYCRPEN PaY: P

— 630 PP PDUPDPY? — 30 CENECPD2PYPD

'4- 840 LPDPE)PEYCPDCPNZ + 840 P PENCPEILP3C A
7840 CONPEDIPA + G40 PIN P4 P3) (PRI
+8406P5)3</>4)0>3) PPN
260 PDLRPENRE) (PR PR + 1260 (PONPEXPUIEP IEPA?
F1260 (PIXPECPNPDEPNE + ) 260 CRENE CPENLPYY PP
F1260 (P CPEXCPGICPZY CRIN + 1260 PINPEYCP4UP *C P2
#1260 PRPEPPRCPD + 1260 CPESF R LPIXPDLPT)
#1260 (PP TP PR + 260 (PG PEXP D P
—2520L PAPECRSIP4 P ACPS ~ 2520 P PEXREYRPESE)
— 2820 (PP, PN PP, —zséoCPv\CPé)CPz/)‘(Ps)iP PN

—252 OLPYP EVLP4YPIXP2XP D —252¢ GeY(PEIPHYPDCA AL

+Bo4 o (PP GLPEICPOCPDIP (A1)
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P = PCX é_x> =) — é,f}e[_{‘%}w‘\]
7.~ PCXf 7)(:") Z) — ,@/OZ', ,{é;yxj
py=PCX < 5= /_\6;0[__(_2/, “Y
Ps - pPLX K 'Zx—>_,,_ f);o[ (73/@\)“

/bé, = XX <L r/,,/?) =] - fxp[‘( z%é?\)o(j

Py = PCX % Ux) "/-f§o[-—(7*’ bl
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Computer Listing for ch(n) < x), #(n) and c(n)

OPRNPA /MF2336

TATE AR WETERNTTEY

START OF SEGMENT

T T OTREKSTAN ©C3I00Y 'YCIUU"ij(3ﬂﬂT'iV(3OO TYSsUUTI00 TYSVV 300 )
1VANCR00 Y . s

NP=501
B=2a.

~DO-A8NETINP

Fortran for expansion of Eq. (A-2) for m = 2, 3, 4,

5, 6, 7 is given on the following pages and is to be

inserted in this location of program.

88 CONTINOE
50 I=1

TS CONTINUR T - — oo

IFCYLLT.3)6N TO 1000
PO BT NP IGOTO ~2000
IFCToGTJNP=5)GND TO 1500

T X 20 (1) : : : —-— e e

N X2Z2p(l=1)

e 320 (1) e e e e e e e
X4=Q¢l+1) .
XS5=atte?d
X6=a(1+3) "

B P TS O & — e

Y2=y(1=1)
Y3=Yr D)
Y4a=YcI41)
YSAVY(T+7Y
Y6=v(1+413)
T8 X =R
. YA=Y3 .
TP T IR YL F O NP )G T 2000 e s e -~ R
" 100 TERMI=(CX=X2)n(X=X4)In( X~ xs)-(x X6)*Y1Y/((X1oX2)a(V]i~ X'!)t()(l-xﬂ)t(
X I Kg e (X IXEY)
110 TERMOZ=((X=K1 )2 (X" xa)a(x-xs)a(x-vo)tv?)/c(X? X1)e(X2=X3)#(X2=Xg)*(X
- TI2WY I YR XD EXE YT T T e
120 DENAz(X3=X1I2CX3=X2) % (X3=X4) (X I=XSIn(X3I>Y6)
T 121 T T TERUMBASIY S XD e (X=X a ) e (XeXS ) v (XaXAIRYI/PFHN T
‘o122 TERMIB= (X=X 1)#(X=X4) 2 (XoX5)+(X=¥A)*YI/DENS

f_f—iz'B——"Tf“RV'3C‘='( X*XTINCX=XZ I CR=XS I (X mX & Y2 Y T/DFENY

124 TERM3D=(X=X1)*(X=X2)#(X=X8)#(X=Y6)*Y3/0END
=126 7 TENMIE=(X=X1) 4 (X=X2) #(X~X8) 7 (X=¥S)*Y3/HF N3~ —
127 TFRM3=TFRA3A+TFRNIS+TERMACHTERWIN+TFRUIF .

48




NADC-78259 60

-~ 130 TERMast(x-x1)ncx-xz)*(x-XS)*(x-xa)tYA)/((Xn-xx)*txa-xzai(xa-X3)t(x

T 14=XSYRIXE=XETY)
180 TERMs=((X=X1)w (X" X2)*(X= XA)*(X'!ﬁ)*YS)I((XS'X!)*(XS‘X?)'(XS'XS)*(X.

bty TTTISEXA VRS EXET)
’ 150 TERHAZ((X=X1)#(X*X2)*(X=Xa)# (X~ XSI*YEI/C (X=X In(Xb" XZ)t(Xb'XS)'(X

TEX AV FIXASKS))
155  CONTINUF

'

T80 DERT‘TFFMTTTERM2$TERHB?Ttﬂﬂﬂ*TFWWSTTERﬁb
XDERT=X#+DERT

f70““_PR1NT_THO'X"YI?DERT_XUERT
180 FORMAT(1H '"X'"»E1508:10X;"Y'":F15.8;1OX»"DY/DX=":F15-8’lOX}"XDLRT

W

€ Tan Eiboﬂ)
0(13 X -

v

VARTTYSDERT
V(ly=XDERT ) ) 2

¥

: 185  FORMATIFISIRIETISB)
- - 190 1=l+1

200G TU 5T

> 1000 CONTINUE ' o -
X1=2aCID .
X220(1+1)

» T X3=5(1¥7T
’ X4=0(1+3) -

XS=GTT+0Y
» X630(1+5)

Y1=y{I)
Y25v(1l+1)

Y 3 T TYIEV(TEY)
Y4Sy(1+3)

YSEVCTH4) ,
> Y6=v(145) : : S

Xu=Ky
YA=Y]

> e DE N E X FEX P YR XTSI INCX L= XQ)*(Y!‘XS)*(XI'XOJ
’ DENo=(XP=X1)#(X2=X322(X2=X4)x(XP2=X5)#(X2°X6)

DENTETXT=XTIFCXIWX2 FHOXTISXGIFINI"XAST*HCXTI=XE)
> - DENA=CX4=X1)#(XA=X2)#(XE4=X3)a(XL4=X5)*(XE4=X6)

T DENG R CXG A XTIRE XS = X2 # (X5 X3 )2 (XS=X4 ) # (X5=XE)
DENRE(XA=XT1)#(X6=X2Ix(X6=X3I*(XH=XE4)A(X6=X5)

5 T TR ML AR CX X IR CXmXAI A (X=XS IR (XaXAI YL ZOENT
’ TERMIB={X=X2)# (X=X4) 2 (XoX5)*(XaX8I2Y1/DENT |

P ERMICE X=X TR (XX 32X XS I X CXR X EI Y T 7OF N

> TERMID=(X*X2)#(X=X3)#(X=X4I#(XaX6I*YI/OFNY =~
S e TERMTER XX 2 I R (X=X 3 R (X XG I X (X XS Y T /OENT

. TERMIZTFRM1A+TERMIB4TERMIC+TERMIO+TFRMIE
D T TTUTERMZE(X=X IV IXRXEIFCXXG IR (XSNRINYI/DEN2

TERMAs(X=X2)#(X=X4 )2 (X=X5)Ix(X=X4)*Y3I/NEN3

T TERMAE CY S XD YA IX X I F A (X SXSYF (Y YR YA /OENT
» - TERUS=(X=K2) % (X=X3)*x(X=X8)*(X=XEIXYS5/DENS

. e TEKMEETX S X2 A X=X I £ (X=XG I # TX>XS ) *YE/DENS
60 1O 155

——1500 - CONTINUF
1510 CONTINUF

L 24

| XTERCTS)
> X2=qa(1=8)

T X32gCIwy)
X450(1=9)

(SR C LT TS ) & I ) T —
X6=0(1) -

_ Y1=YTTS57
3 Y?2=v(I=a)

e Y3y (Te3) :
Y&a=v(]=2) ; . .
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Y53y(l=1) .
T : ————
- X=Xg :
YAEVE
DENE=CXTI=X2 ) %X ImX3)a (X =XG)n(x1=XSIn(X1=YE)

DENH=ETHS =X 1) (X 2= X3 W (XZ=XEIH TRP=XSTH IR T=VE)

DENR=(X3=X1 ) e (X3=X2)n(X3=XL4) (2 23=XSIx(X3"XE)
DERA={X4=X1In(Xq=X2) 2 (X8=X3)I e (XL42X5)2{X4*YEY)

DENBE=(X5=X 1) X5=X2)#(XS=X3) 2 (¥CaX4In(X5=X6) .

DFNQ=C{XxA=K1 )2 L{¥6=X2)#(X62X3)#{YE=X4I R (XE5X5) . o
TFMI=(X=X2I0(X=X3)#(X=X4)a{X=Xx5)*Y1/DENY , ’,

R TTERMZETYSXTY*TNSXITFIXSNGTH CXSYET*YZ/TENZ
TERM3=( X=X )2 (Y=X2)x(X=X4)*{(X=x5)*YI/NDENI -

T T TERME X=X U X=X2) 4 (X =X3) e (X =xR)INY4/DENS -
TERMSS(X®X1 )% {(X=X2) 4 (X=X3)a(X=y2)*xY5/DENS

T UTTTERMEAS (YYD IR (X e XIIA(XOXAI R X=XS5)AYR/OFNR e
TERMEB2IX=X1 ) (X *X3)a(X=X4)2(XaXS)2YL/UFNG :
T T TERMECE X XTI TR UXSX2)R TN Y (X = XS YRYEZ7DFNK
TERMEDZ(X*X1 IR (X=X2)h(X=X3)r(XaXS)*YE/UENA
T T TERMEE =X YT IR (X=X I X=X2)* (Y uXBIXYE/DFNE
TERME=TERNGA+TERMOB+TERMACH+TERNMAD+TERMOE
T T DEKYETERMIATERM24TERMISTERMA+TFRMS+TFRME
XDLRT=X*DLERT
—PRINT IROVYS YASDERTFXUERT
UCly=x . . . . .
e VAN D) =nFRTY - . -
V(ly=XDERT
TTYIELT : -
IFCT.GT.NP) GO TO 2000 ‘
Oy TU 1TH1V
2000 CANTINUE

- TIDENTED -
7009 CONTINUF
T TTUAREWEON ) -

NPMy=NP=t
D00 T=17oNPMYL
uulry=ucr+ly

e L A B L L 18 R b T — e e et e e e s e e =

XTre=0ulId=ucl)
e ¥ MERE T VI YAV ) )/ - . : SR
ADUFND=XINC+YMID .
~ARERTANNERD $ AREA—
PRINT?b.U(I)uV(l):ADDENDoAREA
—— 25 FORMATCIH INXNEN,ELIS B 10X, MY FI5 B 10X MADDFND="3F15.8,10Xs
1"AREA=",F15,8)
e | Y LT L e — — e e
PRINT 40,ARFA
’*““ﬁO““'*FnNMth7//;1H P YTHE-TOTAL AREAR ~=*9E1578) -
IF(IDENT.bT.O) Gh TO 7021
————— i - ———. XNU ARF “.. . — e e s s @ ovirn o m—— = h = —— 4 11y o o v—— ¢ —— —— N
DG 72001 I=1,NP .
e N YEQUCT I e X MUY w2 VANCT Y e e —_ m——
7001 CONTINUF
-~ IheNT=1 -
GO TO 7009
T P021 0 STUMA=SART CARFA) ™~ T R e e
: CV=ESIGMAZAMU
soemmees o PRINT 7042, SIGMARCY - - e = st i s
7042 FORMATCIH ,"XMUS",E15.8," SIGMA="»E15 e." CV-";F!S-B)
= CALITEXTT -
ENU ’

i e e - DL GMENT
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Fortran for In-Parallel Model, n = 2

ARG1=+01%N "1)

ARG 2=Z, *AEG1
P13y, ~EXPE-ARG)**B)

P2x3.=EXPL~ARG2**B)
PTW=2.#P)1*P2 P11 *+2

QN> =ARG)
YIN) =PTW

mlm 83"‘6 ';Plp?“
_89  FoemAT( = 2%,

Fortran for In-Parallel Model, n = 3

ARGLl=01#(N =3)
ARG2=1e5%AKR01
AR43=3.,0#ARGE
P1=1e"EXP(=AKUl**0)
P22] . "EXP(=ARUZ**H)
P3zle~bLXP(*ARG3%ad)
PYAsPles3+6,#P1*P2«Pjw3 ¢P ePoerdel, «P1243+P3
QIN)=ARG]
Y({)=PlH -
PRINT 89,ARGL1,PL,PTH
.89 FORMATULY o "ARGIZ"sF15,80" P13"pF15,A,™ PTH="sE15:0)

Fortran for In-Parallel Model, n = 4

ARGIz.01%2{N “1)

ARG3=2.%ARG]T
ARG2=4.+ARG1/3.

ARGA=4 . »ARG]
Pl=1.=gxP{~AR6{+%B)

PZ=T.~EXP{-ARG2**p)
P3=1,-EXP(~ARG3»+B)

P4=1,-EXPL-ARE4++B)
PER=24, sPA*PIsP2#P) =12, +P3#*2+P2 5P 1 =12, *P4 *P2+ "2 %P1 =

T T2, 2PAPInP T s 2294 . P2 2 3#P 140, %P3 #%2+P 12 #2+4, +PA4»P 1 223"Pl e
QIN)Y=ARG]

YQUY=PFR
PRINTY 89,ARGVPIPFR

89 FORMEY CIH » "AREI="1F18.8," PI=",E18.8:" PFR="1E15.8)
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Fortran for In-Parallel Model, n = 5

ARGIz=e 01 2(N 1)
ARG2=5,%AKGT /4.
ARLI=S ,wARG1/ 3,
ARLL=R ,xARG( 17D,
-~ ARLS=S.#ARGY
” PIE1.5FYP(=AKC{#%A)
P21 ,=rxP(«ARGI2*#%R)
P3=1.*FxP(=afa1+#2R)
Pu=q,=r¥P(=8RR4waR)
PSZ1 .o xPleARGSaxR)
T OPFVEE I a5 e 2 PRAP 1 4 a8 ™S e« P22 284 aP1"10s2PA2224P 1223
T =10, 4P3e*32Plun?
2 *20,4PS#P4APl %2340 #PSAP2w w3 4P 1 £00, %P Ine 3PP
3430t 80 e?29P2 %2 0aFP V4G a2P A2 a2 2P 2P 1420+ 30eaP52P InaaPlwnl
4 *80,#PSaPURP32P1waduf0enxPSRPLUAPOIex2aP =g *#PSAPIxa2aP22PY
D *6UenPUn* P IaF 2 2P +120e%P1*P22F3%P4+P5
GChYI=ARRBY .
Y{NY=PFV
PRINT 8Q9»aRGLl,P1,PFV
89 FORMEATCUH s"ARGIZ",F15.8," Pl2v,F15,8s" PFY="sE15,8)

[

£3

]

N

(]

T

Fortran for In-Parallel Model, n = 6

ARGIZ.0184N =1 )

-y

ARG2:=6 . «ARG /Y .
RRG3= 6. ARG /4 .

ARG4=6 . *RL6L /3.
b, + 1 /2.

ARGH=6.+HRE6 1
Pi=1.-EXPL~ARGI**B)

T ' P2=),~EXP(~AR62++B)
P3=).-cXP({~-ARG3~+8)

- P4=g ~EXP{~ARG4**B)
T Py=).~FEXP(-ARGCES*8 )

Pez1 . ~EXP(-ARGEH >+ B)
POX=~PU++6 44 . +PE P 1+ 4836, P2+ +5+PY1+]15  APE+«22P ] » 44

e 1315, 4P3x+4+P1 + 12420, "PY»+3+Pl*+ 3
2’30.'?6*’5"[**4'30-'Pﬁ*’Z'*Q'PL'!QL*PSt*Q*PZQP[

360 *PE+ 2 PL P x~B=4n, *PoPhyx:+P) 23360, PEx+2xP2+x32P]

- H=L0. " PorPIcx3+PL*x22~ Qs *Phxx32PR-P1x12-60,+PY«+3+P2u2+P)
S+120.2Po+PS P4+ PL» >34 |20, +P6+PS P22 <3P

- *+120, 2P LE+>»3:P22P1

g 64120, +P4++3+P3.P22PULH180, *PS~12-P4+PI+PLx+2+180.+P6++2+P4 P2+ +8+P1
2+ w] * s 2 x s «2=P2~ 4+ o * « *PIx»ZxPiaxrd

- ) 60[”.‘?6a?f§*2v?2xa2.?1

T G180, *PEerPY 2+ PIrPL2 2D,

*~328 ., pm QP,'*PQ‘ P3Py~ +2-360.*Ps gP{tp‘f*Pl' 'Z'Pl
22260 PGPS PR <2 CL-PL=360.P6 P42 2+PI PR P1

22348 . *PEs2+Ply=PZ P2 <P
*4126 . *PE +PEP4 - P2+ P2 P)

Cx" 90 APS 2 22P3x a2xP)ex2
QNIABGL

YOd=Psx
’MM'MGIIPI PSX

" 69 FORMATCLN »"ARGL=",EI&.8," P1=",E15.8," PSX="s£15.8)
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Fortran for In-Parallel Model, n = 7

ARLIZS OLle(N =1)

ARuU2=7 s *Aiiul /00
ARG3I=T o *AiKG1/5

ARuU=T o kAKGL/ 4o
ARGS=E7 4 *AGL/ 3.

ARGO= s *hkul /2
ARGT3T ¥ARGYE

Pilsls=EXP(=ARul*e})
P22l ,LXP(=Ahudtrey)

P3I=i."tXP(~ArtLInal)
Pyzli=EXP(~Akudtel)

P521 e "L XP(~ARUD*23)
Pozl,~EXP(=~ARGO**Y)

P7Ele=tXP(="ARGT245)
PSysPler7=7 2irlspPlsabol kplaap*P]

*e2  aPond2arlaenol] (4P 3saberlenlde3q aPGakIallnny
e IC kPN RGAP e S

RPYQ AP T *PORP LA+ U2 WP T 4P LhaSar | 4g2 w32 2G2pP22p)
24105 PO a2 AP iead4dUS 27 or 2220l and+105 . 2062 u2+P 200l af]

a¢105,tPIﬁf;:tanl..g+Luj.tPu¢.4-p2..2.pl
24105, *rdr Ry ISP aND

t4£10.arottzo?agttfPlt-d+£la..Pot*(.ﬁj..;.?[aag
“$2102P50n3aP3anlaPlany -

"l“do*PD"J‘?Z"J*Pl*l“u.*ﬁbttJ'PatPlt'3'
deligUetP/alusrinrlen}

=210 4P T *PosPSRT LawymClU, *P7Po*P2sx40P]

L ReO U TAP ARG R AP OLI) P u R it P AP ]

'i'“20.'P"PonﬁﬂatdtPl"J‘hto.aPl*quHJt.jtFl.ﬁZ

"o AP TR R E PP URP | R Iyl ePot e arheDyeP e ]

Q.qlo.trbttjnraﬁrdttetrl QeevpPT*Pyex3eppealep]
t-uzo.iP/trJttZ'Péttthl'udu..raraj.ﬁjg.}fuetPl

PeU20 PO RR2RP I RSP oel oy  wPTHPLan3ePIeP R
ROYI )y *PO RS SRP LI S RP A RLPN LYy  hPORI P # PG ,D Ik I P

Ul aPOrng el Sanal laald =g dUerPOne e Sar3andelr lenl
o630t RN APy n w34l I nlop3 WP ergdePykaaPleagul ]

HEQUUe WP (2PO*PSTL AR Lk 348U0, 4T 4PoRPSePva3eP |
t+dau.aPI-ronHJatJaﬂzﬁfl#ﬁﬂb.cP?tha'i.PJtP?tPl

CtBUAU*POeadsPyap 3P el )
*+1aou.'rlfro'rb'rjt'z'Fl'*4’1eou.tv7¢950?Att2'VJ*rl'*e

lQlébO.iP?trDitd*fQ'PS'fltﬁ{olguu.tHooi?aPSQFQ*PjtFlttd
41200 %P6ea2eP oAl yar i a4l vl o00 AP arSakD el pwr orag Rty

FEL2000 ¥ P/ RPONFUNRLAP 2O R NP |41 l0Us N PORRDIAPYaRup3rpPRp]
2412600 wPT7alDansnl 3ae22P¢al [ 4120V aPOns2eFSaPlnagdaleal] ) .

@520 PP aroRPar Py PR Langadn sy w7 arLaPgayarp ezl
NSl P AP LR IR S W R IR N m gy KT RD AR PN R DRE JRPIAD]

*e 2520 2P T AP ShninPynprjer2ar ] z,eu.aHo.-?.Ps-ru.u3-re-P1
*450400 P 7 e PR qur Wl gur],

W(N)BAKOLL
Y(n)= va e

PRINT owahnul’rlpPav

-1 ]

FURMAT(LiR s™ARGISYsE12e00™ Plzsflhanem PSy=Teb15e8)
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Appendix B Detail Drawings for Gripping Anti-Buckling Guide Device
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Material:

Aluminum

Figure B-3 Front Anti-Buckling Guide
(All Dimensions in Inch,l in = 25.4 mm)
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Appendix C. Additional Data

Some additional fatigue tests were performed with elements having
different geometries. All tests were performed with the same loading con-
ditiéns as described in the main body of this report. The first set of tests
was performed with‘elements containing.four 1/4 inch (6.4 mm) holes as shown
in Fig. C-1. Table C-I gives the life and the failure location of these
elements. The mean life is 5430 cycles. This is much less than the in-
series model prediction life. Due to the fact that all elements failed
through the bottom hole it was concluded that its location was too near to
the end tab and thus experienced a greater load thaﬁ the other three. {

Several months later a series of fatigue tests were performed on ele-
ments containing tﬁ0'1/4 inch (6.4 mm) holes as shown in Fig., C-2. The
initial tests in this series were performed with configuration 1 type
elements. These all broke through the bottom holel The geometry was 1
altered by moving the two holes further apart as shown as configuration 2.

These also all broke through the bottom hole and had shorter life than
configuration 1 elements. The lives for these two configurations are shown J
in Table C-II.

In order to see if the position of the hole in an element affected the <
life, a series of three tests were performed with an element with a 1/4
inch (6.4 mm) hole located near the bottom end tab as seen in Fig. C-3.
Table C-III records the life for these tests. As can be seen the lives are

4
much shorter than the lives recorded for the basic element (Table Ia). ’

60




(mu $*Gz = UT T “Youl UL SUOTSUSWEQ TTV)

JuewsTy SOTi9g-ur-Inog T~ 2an3Tg

» 3

S
: i
i
i g
4 0EYS = X !
= e H
0€9TT wo330¢g ; ' 8¢
(o o) TAYA wo33log T, _ /l
o I vid B
O 08%Yy wo330g - ® _
Q 08T¢ . ,, wo330g 2 m.\m | m_av
=2 0zg wo330g | mw
so1040) : WOT3IB00T ! \_w%w AW
Chydsy aanTred ¥ mm ﬂ
(suswtoads ¢) ZH G = Louenbaij ‘w- = Y W N*\
y318us13g °TIBIS UBSR JUSWSTH OFSed Yy, = SS8AIS ‘XER \»
. | A i
mmmq +.No.m¢.ﬂu Axodq/93Tydean ‘uswyoodg
$9T195-UT % Jo . 93ITT ond13ieg uorssaidwo)
-— [
I-0 ®T9EL
\
— v A L4

61




NADC-78259 60

~ - A L
o
(Wm %°GZ = Ur T ‘youl UT suoTsuswWIQ TIV)
SIULWSTH S9TFISG-UI-OM] Z-D 2an3Tg
¢ uoTlean8yzuon T uor3ieangdryuo)
06Z6T1T T wo3309g : 4 ﬂ w gﬂ
. i — {
0€.8S I wo3zog L A
|
0Z€ES 1 wo3jog _. W w
00L2T z wo330g m&; i ~
006T T mo330g o ﬁ ® ® \%
7
OSTT [4 wo3jog C F : |
o210 9 d
ovT T wo3jog 0« ® . 4*19 ©
(S°T243) UOTIE00] w @4/ [
oTTT uot3leangIjuoy ornres m mew .
4 N—uiq 14
(suewyoads /) zH ¢ = Aousnbaif feo- = 4 w !
‘y38uailg 9TILIS UBS IUSWETH OTS®eg Y%/ = S$S911§ °*XBR M Wﬂ\ W\.
i
s |

®sy .._...No.mq +] £&xodg/e17ydein ‘uswyoadg T . i
SOTI95-UI 7 FO 93T °ndrieg uorssaidmon | |

SR




(un #°GZ = 3“. 1 ‘youl Uf suorsuswyd TTIV)
JusweTd 9TOH °T3uTrs €-D 2an8T4

!

o *3urpeOT UT 9joigd x N.\~ ]
.% b _
n 2 |
& . RN
- 006T 2TOH . : ,
m . 0201 . 9TOH i < w(d ,v\_
< *T 3ToH 2 ,
3 v “
(soT242) uoT3ed07] i
33T aaniTed |
*(suswyoads QT) 2H G = *boag ‘w- = ¥ ‘yaBusals OT3ILIS . 2
ue9y JUSWRTH OTSeY %Y/ = PEROT UOTSSaIdmO) °XER " A !
1

®lsy +¢%0 gy F] Axodg/e3itudeip ‘uswposds
oTOH @T8ufls 3o @317 °ndTiel uotssaxdwo)

III-D °Tq®l

po—. R

63




NADC-78259 .60

This tends to indicate that the closer the hole to the bottom end tab, the
greater will be the fofce seen by the hole and hence the shorter the
life,

The results obtained in Tables C—I-III tend to indicate that the
stress distribution is not uniform throughout the total length of the
specimen. Since the dynamic loading is applied by the accuator to the
bottom of the specimen, the stress concentration at the bottom hole is
greater than at the other holes.

This evidence is of coﬁrse not conclusive. Other plausible explana-
tions can be forwarded. First the original basic and three-in~series
elements were taken from one end of the plate whereas the elements discussed
1in this paragraph were obtained from the other end of the plate. It is
conceivable ;hat the two ends of the plate had different properties énd
thus the elements taken from each constituted distinct populations. A
randomized scheme of picking test elements of course would have'eliminated
this possibility. Another explanation was that the tests listed in |
Tables I, II and Tables C-I-III were performed before and after respectively
a major breakdown and repair of the Instron testing machine. Also, the
gripping anti-buckling guide may have been inserted in the Instron improperly.
In'short, due to the uncertainties aésociated with Tables C~I-III no further

analysis was attempted on this data.
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